This is a theoretical study of a compelling model of blood oxygen level-dependent (BOLD) response dynamics, measured in functional magnetic resonance imaging (fMRI). The novelty of this study involves the way the model is driven sinusoidally, in order to avoid onset and offset transients that pose difficulties in data analysis and interpretation. The driving frequency ranges over the natural time scales of the hemodynamic response (0.01-1 Hz), which also corresponds to the period in typical boxcar stimulus designs. At low stimulus amplitude, the predicted BOLD response is quasi-linear. The amplitude exhibits a mild peak near the modulation frequency 0.1 Hz, and falls rapidly for higher frequencies. The phase lag relative to the stimulus is a monotonically increasing function of the modulation frequency. These findings illustrate the dynamical nature of the BOLD response, and could be used to optimize experimental designs that admit sinusoidal modulation. Higher stimulus amplitude elicits nonlinear behavior characterized by a double peak during the positive deflection of the BOLD response. This finding is particularly interesting, because similar double peaks are seen frequently in BOLD data.
INTRODUCTION
Functional magnetic resonance imaging (fMRI) measures changes in blood flow and deoxyhemoglobin in the human brain, believed to reflect the metabolic demands of neural activity in a wide variety of sensory, motor, and cognitive tasks. The blood oxygenation level dependent (BOLD) signal is a time series associated with each voxel in the image This work is funded in part by grants from the University of California, San Francisco, Department of Radiology, and Academic Senate. Correspondence should be addressed to: Thomas Ferrree, Department of Radiology, 185 Berry Street, Suite 350, University of California, San Francisco, California, 94143-0946. Email: tom.ferree@radiology.ucsf.edu.
volume. To make statistical parametric maps of BOLD activity, the standard approach is to correlate the measured BOLD time series with a predicted BOLD time series, in the process accommodating the hemodynamic delay. The most common way of computing this correlation employs a hemodynamic model that maps neural activity to BOLD signal.
The first fMRI experiments showed that the BOLD time series is delayed relative to a stimulus [13] , and the estimation of that delay is still an active research topic [10] . The linear hemodynamic model of [5] assumes the BOLD response can be obtained by convolving the stimulus waveform with some linear response kernel. In fMRI, this kernel is called the hemodynamic response function (HRF), and may be estimated from data by event-related averaging the response to brief stimuli separated widely in time. The linear separability of the BOLD response in time and visual stimulus contrast has been demonstrated experimentally [2] , lending further support to the linear model. Event-related fMRI involves brief stimuli spaced closely in time, making the overlapping response more susceptible to nonlinear effects. For example, the response to a second, brief stimulus tends to be delayed and suppressed, an effect termed hemodynamic refractoriness [6] . These authors showed this nonlinear effect is well modeled by a secondorder Volterra series. Volterra models (both linear and nonlinear) are phenomenological, in the sense that the response kernels must be estimated from data. While they may effectively model the input-output properties of the system, the numerically obtained kernels provide little insight into the physiological mechanisms underlying the BOLD response. Furthermore, the only way to add new behaviors is to add more terms in the Volterra series, but this must be done without guidance from physiology, and is computationally challenging because the numerous time variables in higherorder kernels require a very large number of function values to be fit independently.
Ultimately, a more fruitful approach starts with a minimal list of physiological variables believed relevant to the problem, then works out from first principles the algebraic and dynamic relationships between these variables. The result is typically a set of coupled differential equations that provide immediately some intuition into the dynamics of the system. A theoretical approach is preferable over a purely phenomenological one, because the resulting model has understandable degrees of freedom with a minimum of free parameters. Moreover, the structure of the equations constrains their behavior. This approach also provides a starting point for extending the model in physiologically meaningful ways. Such a theoretical approach is evident in the combined works of [3, 4, 7, 11] . The resulting mathematical model is consistent with a second-order Volterra series response to successive, brief stimuli [7] , but which also makes new and testable predictions reported here. For brevity, we refer to the combined model in [7] as the balloon model, even though this nomenclature originally referred to a subsystem described in [4] .
THEORY
The balloon model described in [7] is comprised of a set of nonlinear, ordinary differential equations involving four dynamic variables: v(t) is venous volume, q(t) is deoxyhemoglobin content, f in (t) is blood flow into the venous compartment, s(t) is some flow-inducing signal. The input u(t) is flow-inducing neuronal activity. The equations relating these variables may be written:
An auxiliary nonlinear equation gives the predicted BOLD response B(t) in terms of v and q only:
For the studies presented here, the six model parameters are taken from [7] , where they were estimated by fitting the balloon model to the first-and second-order Volterra series for brief stimuli. It is yet not known whether the optimal model parameters for brief stimuli [7] are optimal or even valid for continuous stimuli, but they are used here as a starting point to address that question.
Typically fMRI experiments use impulses and square waves to probe the hemodynamic response, but in systems analysis sine waves and white noise are also used. It is well known that abrupt stimulus onset and offset gives rise to large neural transient responses [9] , which cause the neural response to deviate qualitatively from the stimulus waveform. Given this fact, using the stimulus waveform as a surrogate for neural activity is questionable [12] . In addition, any linear kernel exhibiting an undershoot generates a BOLD prediction with visible onset and offset transients, even when driven with a true square wave. This implies that the BOLD response to boxcar stimulation can be expected to exhibit transients in each cycle of the stimulus, even if the neural response does not. It is conceivable to model this effect by adding a delta function at the beginning of the square wave [12] , but that would be a gross oversimplification of the structure of these neural transients, and introduce more phenomenological parameters. Instead, in order to avoid transients entirely, we have chosen to think outside the box(car), and use sinusoidal inputs with modulation period ranging from 1-100 seconds. This probes the dynamics of the balloon model on the natural time scales of the BOLD response, without the confounds of onset and offset transients.
The stimulus waveform is taken to be positive definite: u(t) = [1−cos(2πf t)]/2, where f is modulation frequency. This is most consistent with the stimuli for which the model parameters were fit. Because the balloon model is nonlinear, the predicted BOLD response depends nontrivially on the stimulus amplitude. By definition, the stimulus waveform u(t) ∈ [0, 1], but in the equation forṡ this u(t) is multiplied by the neuronal efficacy parameter ǫ, which can play the role of stimulus amplitude. In [7] , the neuronal efficacy ǫ was estimated to equal 0.5.
NUMERICAL RESULTS

Linear and Nonlinear Response Waveforms
One advantage of using sinusoidal input, beyond avoiding transients which repeat every cycle, is that linear systems with sinusoidal input produce sinusoidal output at the same f . Fig. 1 shows the predicted BOLD response B(t) to sinusoidal input (f = 1/9 Hz, ǫ = 0.5). It is very nearly sinusoidal, suggesting that the model is in a quasi-linear regime. The amplitude and phase lag are both functions of f , as described in Section 3.2. Fig. 1 . Predicted BOLD response (solid) to low-amplitude sinusoidal input: u(t) with f = 1/9 Hz (dashed), and B(t) with neuronal efficacy ǫ = 0.5.
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The predicted BOLD response in Fig. 1 has a nonstationary mean that reaches an asymptote within approximately one cycle. This is a form of onset transient, presumably related to the nonzero mean of the stimulus waveform for t > 0; the stimulus was identically zero for t < 0. Experimenters typically discard the first cycle of data, to allow both the scanner and subject to reach steady state, so this offset is not usually retained. For comparison with experiments, the measurable quantities are the peak-to-peak or root-meansquare amplitude and phase. Fig. 2 shows the predicted BOLD response to larger sinusoidal input (f = 1/9 Hz, ǫ = 15). The response is qualitatively different, exhibiting a double peak on the positive deflection that would show up in the Fourier transform as a second harmonic. This finding is highly relevant, because double peaks appearing very similar to these are often seen in BOLD data [8] . To our knowledge, this is the first report that BOLD output from the balloon model, with parameters from [7] , develops a double peak merely by increasing the stimulus amplitude. Fig. 2 . Predicted BOLD response (solid) to high-amplitude sinusoidal input: u(t) with f = 1/9 Hz (dashed), and B(t) with neuronal efficacy ǫ = 15; shifted downward by 1.5 units.
Exhaustive simulations are needed to determine the spectrum of behaviors as a function of f and ǫ, over the plausible ranges of the other parameters. Experimental determination of the stimulus value at which the double peak arises could be used to guide the fit of ǫ to data.
Frequency Dependence of Sinusoidal Response
When the response is approximately sinusoidal, it is straightforward to determine numerically how the amplitude and phase of the response depend on frequency. Fig. 3 shows the root-mean-square of B(t), computed after discarding the first cycle. It is relatively flat for f < 0.1 Hz, exhibits a mild peak near f ≃ 0.1 Hz, then falls rapidly for f > 0.1 Hz. The low-pass filtering of neural signals by the linear hemodynamic model [5] , and a resonance near 0.1 Hz in the linear s−f in subsystem [7] , have been described previously. Fig. 3 shows the analogous behavior for the balloon model B(t), with sinusoidal input over a wider range of f . Fig. 4 also shows the predicted phase lag for a fixed 5-second delay model (dashed). This predicts a phase lag that depends linearly on stimulus frequency, so the curve appears exponential when plotted versus log f . Given experience with other physical and physiological systems, a fixed-delay model seems unlikely to be correct, but we plot it here because the language used to describe BOLD data often refers to a delay, and this simplified notion should be distinguished from the dynamic behavior encountered in the balloon model. These predictions amount to hypotheses for experiments that test the validity of the balloon model over a broader dynamical range than previous studies. The phase lags in Fig. 4 differ more at f > 0.1, but this is the same region in which the amplitude in Fig. 3 falls rapidly resulting in low signal-to-noise ratio. The difference between the curves quantifies how accurately the phase lag must be measured in order to distinguish these models.
SUMMARY
In this paper, we have produced interesting and testable predictions regarding the dynamics of the BOLD response, and the capacity of the balloon model [7] to capture those behaviors:
• For low-amplitude input, the BOLD response to sinusoidal modulation is approximately sinusoidal. The response amplitude exhibits a mild peak near f ≃ 0.1 Hz, then falls abruptly for f > 0.1 Hz. The phase lag of the response relative to the stimulus is a sigmoidal function of log f , which differs qualitatively from that of a fixed-delay model.
• For higher-amplitude input, the BOLD response to sinusoidal modulation behaves nonlinearly. The BOLD waveform deviates from a sine wave at the stimulus modulation frequency f , to develop a double peak like that seen frequently in BOLD data.
The role of neural transients [9] in the BOLD response to boxcar stimulation is a difficult question that is not yet resolved. Recent experiments by our group show that slow sinusoidal contrast modulation of a contrast-reversing grating generates a neural response with a nearly sinusoidal envelope. Despite the elimination of transients from the neural response, the model BOLD response still evidences a double peak, provided the input amplitude is large enough. If the double peak behavior of the balloon model ends up in good agreement with experiments, it will not be necessary to include it phenomenologically [12] .
